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We discuss the two-point functions of the U(l) current and energy-momentum tensor in certain gapped three- 
dimensional field theories. We show that the parity-odd part in both of these correlation functions is one-loop 
exact. In particular, we find a new and simplified derivation of the Coleman-Hill theorem that also clarifies sev- 
eral subtleties in the original argument. For the energy momentum tensor, our result means that the gravitational 
Chern-Simons term for the background metric is one-loop exact. 
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INTRODUCTION 

In quantum field theories, the classical description is often 
modified by quantum corrections; in some cases, these cor- 
rections are limited by non-renormalization theorems. In the 
context of 2+1 dimensional gauge theories [1-4] with massive 
matter, it was found that the topological mass of the gauge 
field receives no contributions at two loops [5, 6]. 1 Following 
this discovery, Coleman and Hill proved that no such correc- 
tions are possible when the gauge group is Abelian [7]. 

Their proof deals directly with properties of Feynman 
graphs. They explicitly show that above one loop, the contri- 
bution of each subgroup of graphs with similar topologies is 
©(momentum 2 ) and therefore cannot modify the low energy 
effective action. The reason behind the difference between 
one and many loops remained implicit in the proof. 

Here, we re-derive the Coleman-Hill theorem as a specific 
case of a more general theorem, and provide a natural expla- 
nation for the distinction of the one loop graph. Our argu- 
ment is as follows. Since in Abelian theories itself is neu- 
tral, the parity-odd part (at zero momentum) of (A^A V ) is 
the same as for a background gauge field which can couple 
to the global U(l) current, j^. We argue that if (j^jvO) is 
©(momentum 2 ) for an arbitrary scalar O, so is the rest of the 
perturbative expansion. We then show that this must be the 
case for (j^j v O) to satisfy the corresponding Ward identity. 
Finally, we trace the reason behind this non-renormalization 
to the lack of gauge invariance of the Chern-Simons La- 
grangian. 

A closely related statement regarding the non- 
renormalization of the parity-odd part of (T tlv T p(y ) at 
zero momentum is proven using similar arguments. The 
discussion presented here follows the spurion analysis of [8], 
where it was pointed out that this correlation function does 
in fact receive higher loop corrections when the gauge group 
is non-Abelian, due to the topological structure of the theory 
[9]. Our proof sheds some light on this issue, and it is further 
investigated in [10] by a perturbative analysis. 



CONSERVED CURRENTS IN THREE DIMENSIONS 



A generic QFT can be described by an action S = JC with 



(1) 



where A; are couplings and O l are scalar operators. 2 

We restrict the discussion to cases where C describes a 
massive theory which admits to a manifestly Lorentz invari- 
ant quantization. In particular, we study three dimensional 
Abelian gauge theories, QED3, with arbitrary massive mat- 
ter. 3 For this class of theories, 



^0 ^gaugc "T" ^matter 



(2) 



where 



C — - F I — F^ v - ih-fL 

^gaugc — 4- 



2£e 



(3) 

describes a gauge field with mass n/e 2 . 4 

We begin with a brief review of Ward identities, in order to 
establish notation. 



A brief review of Ward identities 

When a theory is invariant under a global transformation 
with a continuous parameter e, Noe trier's theorem guarantees 
that there exists a classically conserved current, such that 

S 



<5e(2 



-S' + d»j tl (x) = 0, 



(A) 



where the ' denotes a transformed object. If the symmetry 
is not anomalous (i.e. it survives quantization), correlation 
functions are independent of the variation. In particular, 



Y~ (3v(y)0(z))' = 0, 



(5) 
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1 The topological mass contributes a parity-odd term to the gauge field prop- 
agator. At zero momentum, this term is the Chern-Simons coefficient in 
the effective action. 



> 0, which corresponds 



2 The subscript will henceforth denote the limit A; 
to the free theory. 

3 Even though the non-Abelian theory contains no massless asymptotic 
states, it does not respect our restriction due to the need to add (massless) 
ghosts during quantization. 

4 Throughout this paper, we use a Euclidean metric. 
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(j^3Ay)0(z)) = -{—J' v iy)0(z)) - {jAv) — 0'(z)). 
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We refer to (6) as the Ward identity for {j^jvO). 



(6) 



The 17(1) current 

Here we take j u to be the current associated with a global 
[7(1) symmetry, which acts on the charged fields as 



$ -> $' = e iee i> 



(7) 



with e the "electric" charge. 

In a massive theory, the most general possible tensor struc- 
ture, or parameterization, of (j M (p).7 ;,(-£>)) reads 



aSuv + Sk£[ivpP p + ©(momentum 2 ). 



(8) 



Note that only terms in the perturbative expansion of 
(jfi(p)jv(-p)) that are ©(momentum) can possibly contribute 
to 8k. As advocated, we argue that no such quantum correc- 
tions exist. The basic observation is that the entire perturbative 
expansion around the free theory consists of insertions of the 
scalar operators Oi at zero momentum: 

(j»(p)jvH))= 0VW'"(-p))o - M7mW^H>)°*(°))o (9) 

i 

+ ^2^XiXj{j^,(p)j v H>)O i (G)O j (G))o + ... . 

In gapped theories, there are no infrared singularities, and 
so (jfj,(p)jv(-^>)Oi(o)...O n (o)) is well defined as the limit 



lim fci (j/i (p)jv (<i)Oi (fei) . . . O n (fe„)) , 



(10) 



where q = —p — E^. We can therefore take this limit in two 
steps, ki-ti — >0 followed by k\ — >{). 

Consider the parameterization of 

(ju(p)jv(<d0 1 (k 1 )0 2 (G)...O n (oj). The insertion of Oi(fci) al- 
lows p and q to be independent; the insertions at zero 
momentum, on the other hand, do not impose or relax any 
constraints on the tensor structure. 5 Consequently, this 
parameterization does not depend on the number of insertions 
at zero momentum; the different orders in perturbation 
theory may differ only by the coefficients in the momentum 
expansion. Therefore, if ©(momentum) terms in the pa- 
rameterization of (juip)ju(<}>0{k 1 )) violate the corresponding 
Ward identity, they are absent from the rest of the perturbative 
corrections as well. 



Note that relying on the tensor structure is permissible only when the quan- 
tization is manifestly Lorentz invariant. 



As we now show, this is indeed the case. Even though the 
symmetry group is Abelian, the variation of the current picks 
up a term 



(ID 



- — [i(j)d = -2e#fef)5^5(a!- ! /) ! 



for every charged scalar <fi, and the Ward identity for (j^jvO) 
reads 



^((^(*)><3/)0(z)) ~ 2e8^5(x-y)(4>(t>(y)0(z)) 



0. (12) 



However, correlation functions are defined up to contact 
terms; as 8 U v8(x-y) respects the symmetry of ju{x)jv(y), one 
can absorb the contact term into a redefinition of (jujvO). 
Hence, there exists a regularization scheme in which 

P f *(j t i<p)jv<a)0(-p- q )) = 0. (13) 

The parameterization of (^(p)j;y(s)0(fci)) is given by 

a'<5 M „ + be nlyp (p p -q p ) + ©(momentum 2 ). (14) 

Since the Ward identity must be satisfied at each order in the 
momentum expansion, imposing (13) on the parameterization 
°f (jfi(p)jvH')) gives a = 0. Similarly, one finds that both a' 
and b vanish; (j^jvO) is then ©(momentum 2 ) for an arbi- 
trary scalar O. We thus conclude that 



5k 



and does not receive perturbative corrections. As the current 
is quadratic in the fields, the classical contribution (15) corre- 
sponds to a one loop graph. 

The reason why the Ward identity prohibits 
©(momentum) terms in (j^jvO) can be understood by 
coupling the global U(l) current to a background gauge field 
a^, and the deformation Oi to a background source Ji. One 
then defines 



{3 ^ 0) = ir^jj z[a > Ji 



a=0Ji=0 



where 



-Z[a,J t ] = / -/(^CV+E.A.O.J,) 



(16) 



(17) 



In the language of background fields, the Ward identity corre- 
sponds to gauge invariance of the generating functional. 

The only term in the derivative expansion of Z [a, Ji] with 
two a's and a J that includes only one derivative is 



cPxJe^Pa^ap. 



(18) 



As the Chern-Simons Lagrangian varies by a full derivative 
under a gauge transformation, (18) is gauge invariant only in 
the limit of constant J. In a gapped theory, this limit is well 
defined, and corresponds to lim. p _>o ©&>)• 
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Let us now briefly review the original proof of Coleman and 
Hill. The basic argument is that subgroups of graphs which 
contain a propagator of a neutral field cannot contribute to 



lim 

p->0 



-^{A^)A v{ -p)) 



(19) 



A subsequent analysis of the various topologies, excluding 
the one-loop case, reveals that each subgroup is equivalent to 
a linear combination of graphs with neutral propagators, and 
thus do not contribute as well. 

We note that since the gauge field itself is neutral, the 
parity-odd part of its two point function is the same as for a 
background field; the previous discussion of the one loop ex- 
actness of the global U(l) current captures the same physics 
and completes the proof. In the language of currents, the one 
loop contribution is in some sense classical, hence the differ- 
ence between one and many loops. Moreover, we do not as- 
sume minimal coupling; these conclusions hold also for non- 
trivially improved currents. 



The energy-momentum tensor 



Invariance of a theory under the Poincare group action 



->■ x'" = x> i + eP, 



(20) 



implies the conservation of the energy-momentum tensor, 

S 



■5' + 3X« = 0. 



(21) 



Note that (21) defines an equivalence class; we shall hence- 
forth refer to T pv as the symmetric tensor, which is associated 
with the coupling to gravity. 

In this section, we go through the same procedure of con- 
straining the parameterizations of (T pv O), (T py T piy ), and 
(T pu T pa O) by the corresponding Ward identities, which we 
now derive for completeness. 

Under the transformation (20), the fields vary by a Lie 
derivative with respect to e: 

= $ + L e $. (22) 

The variation of a scalar field </> is 

H = MM (23) 

and so the Ward identity for (T pv O) reads 

VHT^QOQ) = (p+q)u(0(p+ q )} = 0, (24) 

where the last equality follows from conservation of mo- 
mentum. Since T pv is symmetric, the parameterization of 
(T M ;,(p)0(-p)) must be proportional to 



taking O to be the unit operator, one finds that 

(V<p)> = 0. (26) 
For a symmetric rank 2 tensor, 

5T pa = {e-d)T pa + {T pv d a t v + (p++*)) 

= (fd)T pa + (E#$+EW$) T afi d»e», (27) 

where the second term was decomposed into \i*^v symmetric 
and antisymmetric components 

2$% = ^OW? ± + {p+Kr). (28) 

The Ward identity for (T pv T pa O) is given by 

d d 

= S(x-y) — {T p<7 (x)0(z)) - 5(x-y)—{T pa (y)0(x)). (29) 

The contact term containing can be absorbed into a re- 
definition of (T pu T pa O) as it is symmetric in fi <H- v. 6 In 
momentum space, this reads 

P»{T^)T p<j{cjj O(- P - q )) = -p"E$$ (T a p(p+ q )0(- P - q )) 
+qAT P a(g)0(- q )) - {q+p) a (T p!T (p+ q )0(- P - g )}. (31) 

Taking O to be the unit operator and using (26) gives 

P fl {T li „(p)T p(T (-v))=0. (32) 
The parameterization of (T pu (p)T pa (-^p)) is then constrained to 

... + SKg(^(e ppX p x (p^p CT -p 2 5 l/a ) + + /)«(t)| 

+0 (momentum 4 ) (33) 

where the ellipsis stands for a momentum 2 piece, which plays 
no role in this discussion; only ©(momentum 3 ) terms in the 
perturbative expansion can contribute to Sn g . However, such 
terms in the parameterization of (T M1/ (p)T p(T (<2)0(fci)), 

MC1 {puqa+q^Pa) + C 2 {pvPa + q v q&) + C 3 5 vlT {p 2 +q 2 ) 

+c 4 5„ rT (p-q))e ppX (p X -q X ) + f/iH^)) + (p+»cr), (34) 

cannot satisfy the Ward identity (31) as there are no 
momentum 3 terms in (T p<t O). By repeating the arguments 
of the previous section, we conclude that 

Sk = lim ( A j j (V hp))c ) ■ (35) 



p-s-o ^90 dp x dp u dp a 



6 This redefinition is equivalent to taking e M to be a Killing vector, i.e. 

du€u + d v e p = 0. (30) 



p^py - p 2 <W + ° ip 4 ) ; 



(25) 



4 



Although the energy-momentum tensor is not necessarily and by a center of excellence supported by the Israel Science 
quadratic in the fields, by considering the Noether current as- Foundation (grant 1665/10). 
sociated with the transformation (22) 



^ = am Lt9 - e,A (36) 

one finds that only the second term in (36) may not be 
quadratic, and it clearly cannot contribute to 8n g . The clas- 
sical contribution (35) therefore corresponds to a one-loop 
graph. 

This result can be equivalently stated in terms of the vac- 
uum polarization tensor of a background graviton, thus mak- 
ing a connection with the U(l) current discussed in the pre- 
vious section. The observation that the relevant term in the 
generating functional is not gauge invariant in the presence of 
the source J, translates to a similar statement regarding dif- 
feomorphism non-invariance. 
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